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Abstract
We compute characteristic numbers of crepant resolutions of Weierstrass models corre-
sponding to elliptically fibered fourfolds Y dual in F-theory to a gauge theory with gauge
group G. In contrast to the case of fivefolds, Chern and Pontryagin numbers of fourfolds
are invariant under crepant birational maps. It follows that Chern and Pontryagin numbers
are independent on a choice of a crepant resolution. We present the results for the Euler
characteristic, the holomorphic genera, the Todd-genus, the L-genus, the Aˆ-genus, and the
curvature invariant X8 that appears in M-theory. We also show that certain characteristic
classes are independent on the choice of the Kodaria fiber characterizing the group G. That
is the case of ∫Y c21c2, the arithmetic genus, and the Aˆ-genus. Thus, it is enough to know
∫Y c22 and the Euler characteristic χ(Y ) to determine all the Chern numbers of an elliptically
fibered fourfold. We consider the cases of G = SU(n) for (n = 2,3,4,5,6,7), USp(4), Spin(7),
Spin(8), Spin(10), G2, F4, E6, E7, or E8.
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1 Introduction
Characteristic classes are cohomology classes associated to isomorphic classes of vector bun-
dles [35, 49, 28]. They measure how a vector bundle is twisted or non-trivial. Characteristic
classes of a nonsingular variety are defined via its tangent bundle.
Characteristic classes are instrumental in many questions of geometry and theoretical
physics. In string theory and in supergravity theories, characteristic classes appear in discus-
sions of anomaly cancellations [5, 6] and tadpole cancellations [55, 12, 13], in the computations
of the index of supersymmetry operators, and in the definition of the charges of D-branes
[50, 3] and orientifold planes [54].
The aim of this paper is to compute the characteristic numbers of elliptic fibrations that
are crepant resolutions of singular Weierstrass models given by the output of Tate’s algorithm
[56]. Such elliptic fibrations are called G-models.
Definition 1.1 (Elliptic fibrations). A variety is said to be an elliptic n-fold if it is endowed
with a proper surjective morphism ϕ ∶ Y → B to a variety of dimension n − 1 such that the
generic fiber of ϕ is a smooth projective curve of genus one, and ϕ has a rational section.
Definition 1.2 (G-models). LetG be a simple, simply-connected compact complex Lie group
with Lie algebra g. A G-model is an elliptic fibration ϕ ∶ Y → B with a discriminant locus
containing an irreducible component S such that
1. the generic fiber over any other component of the discriminant is irreducible (that is,
of Kodaira type I1 or II),
2. the fiber over the generic point of S has a dual graph that becomes of the same type as
the Dynkin diagram of the Langlands dual of g after removing the node corresponding
to the component touching the section of the elliptic fibration.
G-models are used to geometrically engineer gauge theories in compactifications of M-
theory and F-theory [57, 51, 10, 37]. They also play an important role in studying supercon-
formal gauge theories (for a review see [34] and reference therein). G-models are typically
defined by crepant resolutions of singular Weierstrass models given by Tate’s algorithm and
characterizing a specific (decorated) Kodaira fiber [8, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27,
45, 48].
We will restrict ourselves to the case of elliptic fibrations with a unique divisor over which
the generic fiber is reducible. We also consider only elliptic fibration of complex dimension
four with a trivial Mordell-Weil group. That corresponds to groups G that are simple and
simply-connected. We note that our techniques apply without subtleties to the cases with
non-trivial Mordell–Weil groups or to cases where G is semi-simple. The elliptic fibrations
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that we analyze are all given explicitly by crepant resolutions of singular Weierstrass models
as discussed in section 6.
Euler characteristics of G-models have been computed recently in [19]. We continue the
work started in [19] by providing additional characteristic numbers of G-models. In our
analysis, we do not impose the Calabi-Yau condition since it will reduce the problem to a
computation of Euler characteristics, which is already addressed in [19]. The Calabi-Yau
fourfold case is reviewed in section 3.1. We also point out integrality issues for the invariant
χ1(Y ) in the cases of SU(5), SU(6), and E6 in section 3.3. We compute the characteristic
numbers by explicitly performing pushforwards after correcting the Chern classes to take into
account the effect of the sequence of blowups necessary to define the crepant resolution.
The theory of characteristic classes was founded in the 1930s and 1940s by Whitney,
Stiefel, Pontryagin, and Chern [35, 49]. To these days, the most famous characteristic num-
bers are the Stiefel-Whitney numbers, the Pontryagin numbers, the Chern numbers, together
with the Euler characteristic, which is the oldest topological invariant. The theory of char-
acteristic classes relies deeply on sheaf theory as developed by Kodaira, Spencer, and Serre;
and historically, also on Thom’s theory of cobordism. Grothendieck introduced an axiomatic
definition of Chern classes in the Chow ring of a variety using projective bundles. This
establishes characteristic classes as familiar objects in intersection theory [28, Chap 3]. In
a sense, any natural transformation from the complex vector bundles to the cohomology
ring is a polynomial in the Chern numbers. In his seminal book, Hirzebruch expresses all
characteristic classes in terms of Chern classes [35].
1.1 List of characteristic numbers
We compute the following six types of rational Chern and Pontryagin numbers for each
G-models:
1. The Chern numbers
∫
Y
c1(TY )4, ∫
Y
c1(TY )2c2(TY ), ∫
Y
c1(TY )c3(TY ), ∫
Y
c22(TY ), and ∫
Y
c4(TY ).
(1.1)
2. The holomorphic genera χp(Y ) = ∑nq=0(−1)qhp,q(Y ) [39]:
χ0(Y ) = ∫
Y
Td(TY ) = 1
720
∫
Y
(−c4 + c1c3 + 3c22 + 4c21c2 − c41),
χ1(Y ) = 1
180
∫
Y
(−31c4 − 14c1c3 + 3c22 + 4c21c2 − c41),
χ2(Y ) = 1
120
∫
Y
(79c4 − 19c1c3 + 3c22 + 4c21c2 − c41).
(1.2)
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The holomorphic Euler characteristic χ0 is a birational [32, Theorem II.8.19] and dif-
feomorphism invariant. The other holomorphic genera are diffeomorphism invariants
and invariant under crepant birational maps.
3. The Pontryagin numbers of a fourfold are the numbers ∫Y p2(TY ) and ∫Y p21(TY ), where
the Pontryagin classes p1(TY ) and p2(TY ) are defined as follows:
p1(TY ) = c21(TY ) − 2c2(TY ),
p2(TY ) = c22(TY ) − 2c1(TY )c3(TY ) + 2c4(TY ).
(1.3)
4. The Hirzebruch signature of a fourfold,
σ(Y ) = 1
45
∫
Y
(7p2(TY ) − p21(TY )) = 1
45
∫
Y
(−c41 + 4c21c2 + 3c22 − 14c1c3 + 14c4). (1.4)
The signature is the degree of the Hirzebruch L-genus. The L-genus is always an integer
[49, Corrolary 19.5, p. 226] and depends only on the oriented homotopy type of the
variety [49, Corrolary 19.6, p. 226].
5. The Aˆ-genus of a fourfold,
∫
Y
Aˆ2(TY ) = 1
5760
∫
Y
(7p21(TY ) − 4p2(TY ))
= 1
5760
∫
Y
(7c41 − 28c21c2 + 8c1c3 + 24c22 − 8c4).
(1.5)
By the Atiyah-Singer theorem, if the fourfold Y is a spin manifold, the degree of Aˆ2
gives the index of the Dirac operator on Y . We will see that the Aˆ-genus is independent
of our choice of a crepant resolution and is also independent of G.
6. We also compute the following form that plays an important role in many questions
of anomaly cancellations, it detects the appearance of a non-vanishing contribution to
the one-point function for the two, three, and four forms in type IIA, M, and F-theory
[58, 55]:
X8(Y ) = 1
192
∫
Y
(p21(TY ) − 4p2(TY )). (1.6)
In string theory, X8(Y ) typically appears as a curvature invariant. As it is expressed
by Pontryagin numbers, X8(Y ) is an oriented diffeomorphism invariants and is also in-
variants under crepant birational maps. Our computations of X8(Y ) has some overlaps
with [44], see Appendix A for more information.
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1.2 Chern numbers of fourfolds are K-equivalence invariants
Crepant resolutions are in a sense the mildest form of desingularizations, since they do not
modify a singular variety away from its singular locus and preserves the canonical class.
Crepant resolutions are also relative minimal models over the underlying singular variety.
When they exist, crepant resolutions are not necessarily unique for varieties of dimension
three or higher. For G-models, the number of flops can be pretty big [16, 17, 33]. When two
varieties are crepant resolutions of the same underlying singular variety, a natural question
to ask is if their characteristic numbers are the same. For instance, the Betti numbers and
the Hodge numbers are invariants under crepant birational maps [9, 40].
A key point that makes this paper possible is the fact that it is enough to know a single
crepant resolution to compute the Chern and Pontryagin numbers of a given G-model. This
is because the Chern numbers of a fourfold are invariants under crepant birational maps as
proven in Theorem 1.8 using a result of Aluffi [2, p. 3368] and the birational invariance of the
Todd genus. We would like to point out that such an invariance for the Chern numbers should
not be taken for granted as it is not generally true that Chern and Pontryagin numbers are
invariant under crepant birational maps. The first counter-example appears in dimension five
(see Example 1.3). This fact motivated our choice to present the results only for fourfolds.
For a projective five-fold, the Chern numbers are
∫ c51, ∫ c31c2, ∫ c21c3, ∫ c1c4, ∫ c5, ∫ c1c22, ∫ c2c3,
where only the first five are invariant under K-equivalence by Aluffi’s theorem (see The-
orems 1.6 and 1.8). In fact, Goresky and MacPherson gave the following example of a
five-dimensional Schubert variety with two different small resolutions with the same Chern
numbers with the exception of ∫ c2c3. For more information on K-invariance, see [59, 60].
Example 1.3 (Goresky and MacPherson, [31, Example 2, page 221]). Let X be the Schubert
variety in the Grassmannian G2(C4) consisting of all complex two-planes V ⊂ C4 such that
dim(V ∩C2) ≥ 1. This variety X has a singularity at the point V = C2 , and it has a small
resolution ϕ1 ∶ X̃1 → X where X̃1 consists of all (1,2)- flags V 1 ⊂ V 2 ⊂ C4 such that V 1 ⊂ C2.
It has a second small resolution ϕ2 ∶ X̃1 → X which consists of all (2,3) flags V 2 ⊂ V 3 ⊂ C4
such that C2 ⊂ V 3. Although X̃1 and X̃2 are homeomorphic, by a computation of Verdier,
they do not have the same Chern classes.
Example 1.4 (Goresky and MacPherson, [31, Example 2, page 222]). Let X be a Schubert
variety X = {V ∈ G2(C5∣dim(V ∩C3) ≤ 1}. Let X̃1 be the variety of partial flags V1 ⊂ V2 ⊂ C5
such that V1 ⊂ C2. Let X˜2 be the variety of partial flags V2 ⊂ V4 ⊂ C4 such that C3 ⊂ V4. Both
X̃1 and X̃2 are small resolutions of X but their cohomology rings are not even abstractly
isomorphic.
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The following theorem of Libgober and Wood was known to Hirzebruch in the case of
fourfolds.
Theorem 1.5 (Libgober and Wood, [46], Theorem 3). For a compact complex manifold X,
the Chern number ∫X c1cn−1 is determined by the holomorphic genera and hence by the Hodge
numbers.
Even though Chern numbers other than the Euler characteristic are not topological in-
variants, some are invariant under crepant birational maps as proven by Aluffi.
Theorem 1.6 (Aluffi, [2, page 3368]). For two nonsingular n-dimensional complete varieties
X and Y connected by a crepant birational map
∫
X
c1(TX)icn−i(TX) = ∫
Y
c1(TY )icn−i(TY ), i = 0,1, . . . , n.
The following theorem is also used in this paper.
Theorem 1.7 (Aluffi, [2, Corollary 1.2]). Let f ∶ X̃ → X be a crepant resolution. Then the
class
f∗(c(TX̃) ∩ [X̃]),
in (A∗X)Q is independent of X.
The following theorem assets that the Chern numbers of fourfolds are K-equivalence
invariants. The proof is a simple application of Theorem 1.6 of Aluffi.
Theorem 1.8. The Chern and Pontryagin numbers of an algebraic variety of complex di-
mension four are K-equivalence invariants.
Proof. The Chern numbers of a fourfold are ∫Y c1(TY )4, ∫Y c1(TY )2c2(TY ), ∫Y c1(TY )c3(TY ),
∫Y c22(TY ), and ∫Y c4(TY ). Hirzebruch showed that ∫Y c1(TY )c3(TY ) can be expressed
by Hodge numbers. Moreover, from a result of Aluffi, we know that the Chern numbers
∫Y ci1(TY )cn−i(TY ) are K-equivalence invariants. The Chern number ∫Y c22(TY ) is also a K-
equivalence invariant as it can be expressed as a linear combination of the holomorphic Euler
characteristic (which is a birational invariant) and the ∫Y ci1(TY )cn−i(TY ) for i = 0,1,2,3,4.
It follows that all Chern numbers of a fourfold are K-equivalence invariants. The same is
true for Pontryagin numbers since they are linear combinations of Chern numbers.
Theorem 1.8 allows us to compute Chern numbers of G-models in the crepant resolution
of our choice since it is independent of a choice of a crepant resolution.
The Chern number ∫Y c1(TY )2c2(TY ), the Aˆ-genus, and the Todd-genus (the holomor-
phic Euler characteristic) are invariants of the choice of G. They can all be expressed as
invariants of the divisor W defined by the vanishing locus of a smooth section of L .
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1.3 Independence of Chern numbers
By expressing χ0 and Aˆ in terms of Chern numbers and using the identity ∫Y c41 = 0, which
holds for any crepant resolution of a Weierstrass model (see Theorem 2.1), we get the following
expressions of c2
1
c2 and c1c3:
∫
Y
c21c2 = 96(χ0(Y ) − Aˆ(Y )), ∫
Y
c1c3 = 384Aˆ(Y ) + 336χ0(Y ) + χ(Y ) − 3∫
Y
c22. (1.7)
For an elliptic fibration that is a crepant resolution of a Weierstrass model, this shows that
∫Y c21c2 gives the same value as a smooth Weierstrass model with the same fundamental
line bundle L . It is therefore enough to compute only ∫Y c22 and the Euler characteristic
χ(Y ) = ∫Y c4 to know all the Chern numbers of a crepant resolution of a Weierstrass model.
2 Strategy and roadmaps of results
The data at the heart of our computations are the lists of blowups that give a crepant
resolution for each of these G-models. We can summarize our strategy as follows
1. The G-models considered in this paper are defined by crepant resolutions of Weierstrass
models given in section 6.1.
2. They crepant resolutions are obtained by sequence of blowups given in Table 4.
3. The Chern numbers and Pontryagin numbers of the G-models are listed respectively in
Table 6 and Table 8.
4. The holomorphic genera are listed in Table 7.
5. The invariant X8(Y ), the signature σ(Y ), and the Aˆ-genus are given in Table 9.
Let π ∶ X0 → B be the projective bundle in which the Weierstrass model Y0 is defined. We
define a crepant resolution f ∶ Y → Y0 by a composition of k blowups fi ∶ Xi → Xi−1 i = 1,⋯, k
with smooth centers that are transverse complete intersections in Xi. Using Theorem 5.10
for each fi, we compute the Chern classes of each Xi and by adjunction. We then determine
the Chern classes of Y by adjunction.
For an element Q of the Chow ring A∗(Y ), we compute ∫Y Q as a function of the topology
of the base as follows. Using Theorem 5.12, we then express the Chern numbers in terms of the
Chow ring of the original ambient space X0 in which the Weierstrass model is defined. Next,
we pushforward these to the base B of the elliptic fibration using Theorem 5.13. Since we fix
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the base to be a threefold, we can also simply use Lemmas 5.14–5.16 for our pushforwards.
In summary we get,
∫
Y
Q = ∫
Xk
Q ⋅ [Y ] = ∫
B
π∗f1∗f2∗⋯fk∗(Q ⋅ [Y ]). (2.1)
The following theorem gives the behaviors of intersection numbers involving Chern classes
and Pontryagin classes of dimension too small to give Chern or Pontryagin numbers. To give
a number, they must be multiplied by an element of the Chow ring of appropriate dimension.
Theorem 2.1. Let ϕ ∶ Y → B be an elliptic fibration given by the crepant resolution of a
singular Weierstrass model of dimension n. Then,
∫
Y
ci1(TY ) ⋅ α = ∫
B
(c1 −L)i ⋅ϕ∗α, α ∈ A∗(Y ), (2.2)
∫
Y
ci1(TY ) ⋅ ϕ∗β = ∫
B
(c1 −L)iβ, β ∈ A∗(B), (2.3)
∫
Y
cn1(TY ) = ∫
B
(c1 −L)n = 0, (2.4)
∫
Y
c3(TY ) ⋅ ϕ∗β = ∫
B
ϕ∗(c3(TY )[Y ]) ⋅ β, β ∈ A∗(B), (2.5)
∫
Y
c2(TY ) ⋅ ϕ∗β = 12∫
B
L ⋅ β, β ∈ A∗(B), (2.6)
∫
Y
p1(TY ) ⋅ ϕ∗β = ∫
B
(c1 −L)2β − 24∫
B
L ⋅ β β ∈ A∗(B) (2.7)
where ϕ∗(c3(TY )[Y ]) is given in Table 5 for the G-models considered in the paper and is
invariant of a choice of a crepant resolution.
Proof. Since Y is a crepant resolution of a Weierstrass model, we have that the first Chern
class of Y is the pullback c1(TY ) = ϕ∗(c1−L). Equation (2.2) is therefore a direct consequence
of the projection formula and the invariance of the degree under a proper map:
∫
Y
ϕ∗(c1 −L)iα = ∫
B
ϕ∗(ϕ∗(c1 −L)iα) = ∫
B
(c1 −L)iϕ∗α.
Equations (2.3) and (2.4) are direct specializations of equation (2.2). In particular, if Y is an
n-fold, we have ∫Y ϕ∗(c1 −L)n = ∫B(c1 −L)n = 0. Equation (2.5) is also a direct consequence
of the projection formula. Equation (2.6) follows from Theorem 5.17 and the fact that
∫Y0 π∗c2 = 12L for a smooth Weierstrass model π ∶ Y0 → B. Theorem 5.17, asserts that for any
crepant blowup centered at a transverse complete intersection of smooth divisors, we have
f∗(c2(TY ) ⋅ [Y ]) = c2(TY0) ⋅ [Y0]. We note that these are exactly the types of blowups we use
in section 6. Equation (2.7) is derived by linear combination using p1 = c21−2c2 and equations
(2.3) and (2.6).
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Algebra µG = ∫Y c22(TY ) − ∫Y0 c22(TY0)
A1 −2 ∫B S(7L − S)2
A2, C2, G2 −8 ∫B S (19L2 − 8LS + S2)
A3, B3 −4 ∫B S (50L2 − 28LS + 5S2)
D4, F4 −8 ∫B S (27L2 − 16LS + 3S2)
A4 −5 ∫B S (50L2 − 35LS + 8S2)
D5 −4 ∫B S (63L2 − 44LS + 10S2)
A5 −∫B S (298L2 − 251LS + 70)
A6 −2 ∫B S (174L2 − 171LS + 56S2)
E6 −3 ∫B S (86L2 − 61LS + 14S2)
E7 ∫B (135L2 − 100LS + 24S2)
E8 ∫B (8L2 − 7LS + 2S2)
Table 1: µG for all the G-models. Y is the crepant resolution of a singular Weierstrass model
corresponding to a G-model, and Y0 is a smooth Weierstrass model over the same base with
the same fundamental line bundle L .
Corollary. Let ϕ ∶ Y → B be an elliptic fibration given by the crepant resolution of a singular
Weierstrass model of dimension n with fundamental line bundle L . Then,
∫
Y
c1(TY )n−1c2(TY ) = 12∫
B
(c1 −L)n−1L. (2.8)
The following theorem shows how the dependence of the Pontryagin numbers on the
Kodaira type (or better, on the group G) is controlled by the Chern number ∫Y c22(TY ).
Theorem 2.2. For a G-model, defined by a crepant resolution of one of the Weierstrass
model given in section 6.1 and resolved by the sequence of blowups given in Table 4, we have
∫
Y
c22(TY ) = 24∫
B
L(c2 − c1L + 6L2) + µG,
∫
Y
p2(TY ) = −24∫
B
L(2c2 − c21 + 36L2) + 7µG,
∫
Y
p21(TY ) = 48∫
B
L(2c2 − c21 + 11L2) + 4µG,
(2.9)
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where µG = ∫B S(α0L2 + α1LS + α2S2) is the contribution from the singularities induced by
the Kodaira type over S. The different values of µG are listed in Table 1. The correction for
λ2 ∫Y p2 + λ1 ∫Y p21 is then (7λ2 + 4λ1)µG. In particular,
∫
Y
(p21(TY ) − 4p2(TY )) = 48∫
B
L (c21 − 2c2 − 61L2) − 24µG,
∫
Y
(7p2(TY ) − p21(TY )) = 120∫
B
L (2c2 − c21 + 46L2) + 45µG,
∫
Y
(7p21(TY ) − 4p2(TY )) = 240∫
B
L (2c2 − c21 +L2) .
(2.10)
Proof. This follows directly from an inspection of Table 6, Table 8, and Table 9.
3 Geometric discussion
3.1 The Calabi-Yau fourfold case
In the case of Calabi-Yau fourfolds, knowing the Euler characteristic is enough to also com-
pute other invariants such as the Chern number c2(TY )2 is a function of the Euler charac-
teristic.
Theorem 3.1. The Chern numbers and Pontryagin numbers of a Calabi-Yau fourfold are
topological invariants depending only on its Euler characteristic.
Proof. The only non-zero Chern numbers of a Calabi-Yau fourfold are ∫Y c22(TY ) and ∫Y c4(TY ) =
χ(Y ). These two Chern numbers are related linearly as
∫
Y
c22(TY ) = 480 + 1
3
χ(Y ).
Thus, for a Calabi-Yau fourfold, all Chern numbers and Pontryagin numbers are topological
invariants as they are functions of the Euler characteristic of Y .
For more information see section 3.1. It follows that in the Calabi-Yau fourfold case, all
Chern and Pontryagin numbers can be read from the computation of the Euler characteristic
of G-models in [19] as we have [39, 55]
∫
Y
c22(TY ) = 480 + 1
3
χ(Y ), σ = 32 + 1
3
χ(Y ),
χ0 = 2, χ1 = 8 − 1
6
χ(Y ), χ2 = 12 + 2
3
χ(Y ),
X8 = − 1
24
χ(Y ), 1
5760
∫
Y
Aˆ2 = 2.
10
For G-models, the Euler characteristic of a Calabi-Yau fourfold is given in Table 10 of [19],
which we reproduce here for completeness. We notice that the same table can be obtained
from the Euler characteristic c4(TY ) after putting L = c1, which is the condition that ensure
that the canonical class of Y is trivial.
Models χ(Y4), Euler characteristic
Smooth Weierstrass 12 ∫B(c1c2 + 30c31)
SU(2) 6 ∫B(2c1c2 + 60c31 − 49c21S + 14c1S2 − S3)
SU(3) or USp(4) or G2 12 ∫B(c1c2 + 30c31 − 38c21S + 16c1S2 − 2S3)
SU(4) or Spin(7) 12 ∫B(3c1c2 + 30c31 − 50c21S + 28c1S2 − 5S3))
Spin(8) or F4 12 ∫B(c1c2 + 30c31 − 54c21S + 32c1S2 − 6S3)
SU(5) 3 ∫B(4c1c2 + 120c31 − 250c21S + 175c1S2 − 40S3)
SU(6) 3 ∫B(4c1c2 + 120c31 − 298c21S + 251c1S2 − 70S3)
SU(7) 6 ∫B(2c1c2 + 60c31 − 174c21S + 171c1S2 − 56S3)
Spin(10) 12 ∫B(c1c2 + 30c31 − 63c21S + 44c1S2 − 10S3)
E6 3 ∫B(4c1c2 + 120c31 − 258c21S + 183c1S2 − 42S3)
E7 6 ∫B(2c1c2 + 60c31 − 135c21S + 100c1S2 − 24S3)
E8 12 ∫B(c1c2 + 30c31 − 80c21S + 70c1S2 − 20S3)
Table 2: Euler characteristic for Calabi-Yau elliptic fourfolds where c1 = L.
3.2 A geometric interpretation of the Aˆ-genus and the Todd-genus
of a G-model.
In this section, we will see that the Aˆ-genus of a G-model Y can be understood as the A-genus
of the surface W with normal bundle L in the base B. We call W the Weierstrass divisor.
The Aˆ-genus of a G-model is
∫
Y
Aˆ(Y ) = 1
5760
∫
Y
(7p21 − 4p2) = 1
24
∫
B
L(−c21 + 2c2 +L2) = ∫
W
Aˆ1(W ).
We compute the Chern classes of W by the adjunction formula:
c(TW ) = c(TB)
1 +L
= 1 + (c1 −L) + (c2 − c1L +L2).
It is then direct to determine the first Pontryagin class of W :
p1(TW ) = c1(TW )2 − 2c2(TW ) = (c1 −L)2 − 2(c2 − c1L +L2) = c21 − 2c2 −L2.
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Since W is a surface, it has a unique Pontryagin number, namely ∫W p1(TW ):
∫
W
p1(TW ) = ∫
B
L(c21 − 2c2 −L2) = −24∫
W
Aˆ(W ).
The last equality uses the fact that Aˆ1 = −p1/24. If W is a spin manifold, ∫W Aˆ1(W ) is an
integer number and so is Aˆ(Y ). We note that Y has a vanishing canonical class if and only
if W does too. In other words, Y is Calabi-Yau if and only if W is a K3 surface. In that
case, Aˆ(Y ) = Aˆ(W ) = 2.
A direct computation shows that the arithmetic genus of Y is the same as the arithmetic
genus of the surface W .
χ(W,OW ) = ∫
B
(1 − e−L)Td(TB) = 1
12
∫
W
(c1(TW )2 + c2(TW )) (3.1)
= 1
12
∫
B
L(c21 − 3c1L + c2 + 2L2) = χ0(Y ). (3.2)
3.3 Integrability problems for SU(5) and E6 Calabi-Yau fourfolds.
A Calabi-Yau fourfold Y has a trivial canonical class and therefore satisfies the following
relation
χ1(Y ) ∶= χ(Ω1Y ) =
4
∑
p=0
(−)ph1,p(Y ) = 8 − 1
6
χ(Y ). (3.3)
Since χ1(Y ) is obtained by adding and subtracting Hodge numbers, it is an integer number.
Thus, the Euler characteristic χ(Y ) of a Calabi-Yau fourfold should be a multiple of 6. By
a direct inspection of Table 2, we observe that this is indeed the case for each G-models
without any additional condition with the exception of SU(5), SU(6), and E6.
Lemma 3.2. Let S be the smooth divisor supporting a generic fiber of Kodaira type Is
5
, Is
6
or
IV∗ns in the SU(5), SU(6) or E6 model. The The Euler characteristics of the SU(5)-model ,
SU(6), and the E6-model are divisible by 6 in the Calabi-Yau case if and only if
∫
B
c1(TB)S2 is an even integer number. (3.4)
This condition is clearly not always realized as seen in Example 3.3. If c1(TB) or S is an
even class, or if B is a flat fibration with fiber S, the condition is automatically satisfied. A
geometric situation naturally realizing the condition that ∫B c1(TB)S2 is even is presented
in Example 3.4.
Example 3.3. If B is a smooth quadric threefold in P4 and S is the intersection of a
hyperplane of P4 with B, then, ∫B c1(TB)S2 = (5 − 2)12 = 3. Note that a smooth quadric
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threefold is Fano. Thus we can construct a Weierstrass model with L the anticanonical line
bundle of B.
Example 3.4. The line bundle OB(S) has two distinct sections whose zero loci are smooth
transverse divisors in B, then we can compute their complete intersection, which gives a
smooth curve in B. By the adjunction formula, the first Chern class of such a curve would
be c1(TB) − 2S. It follows that its Euler characteristic is 2 − 2g = ∫B(c1 − 2S)S2. In such a
case, we see that ∫S c1S2 = 2(1 − g + ∫B S3) is an even number.
4 Invariance of characteristic numbers
In contrast to Chern numbers, Pontryagin numbers are oriented diffeomorphism invariants.
There are even oriented homeomorphic invariants as proven by Novikov in the 1960s [52]. It
follows that characteristic classes that are expressed in terms of Pontryagin classes and the
Euler characteristic are both oriented diffeomorphic invariants and oriented homeomorphic
invariants. In contrast to the Euler characteristic, Pontryagin numbers change their signs
when the variety changes its orientation. Thus, if any Pontryagin class of a variety is non-zero,
the variety cannot possess any orientation reversing diffeomorphism (or homeomorphism).
In 1954, Hirzebruch asked in [36] which linear combinations of Chern numbers of a nonsin-
gular projective variety are topological invariants. Since a complex projective variety comes
with a special choice of orientation, it is natural to restrict Hirzebruch question to oriented
homeomorphism or an oriented diffeomorphism. With that restriction, the question was
answered by Kotschick in the following theorem.
Theorem 4.1 (Kotschick, [41]). 1. A rational linear combination of Chern numbers is an
oriented diffeomorphism invariant of a smooth complex projective variety if and only if
it is a linear combination of the Euler and Pontryagin numbers.
2. In complex dimension n ≥ 3, a rational linear combination of Chern numbers is a
diffeomorphism invariant of smooth complex projective varieties if and only if it is a
multiple of the Euler characteristic. In complex dimension two, both Chern numbers
∫ c21 and ∫ c2 are oriented diffeomorphism invariant.
The statement about surfaces is a consequence of Seiberg-Witten’s theory [42, 43].
There are also invariants such as the Euler characteristic, the holomorphic genus, the
holomorphic genera, and the signature, which are linear combination of Hodge numbers.
Hodge numbers are known to be the same for varieties in the same K-equivalence class. The
following theorem characterizes which linear combinations of Chern numbers are also linear
combinations of Hodge numbers.
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Lemma 4.2 (Kotschick, [41]). A rational linear combination of Chern numbers of a smooth
complex projective variety is determined by the Hodge numbers if and only if it is a linear
combination of the holomorphic genera χp.
The Euler characteristic is a homotopy invariant while the signature is an oriented ho-
motopy invariant. The following theorem of Khan characterizes linear combination of Chern
numbers that are oriented homotopy invariants.
Theorem 4.3 (Khan, [38]). A linear rational combination of Chern numbers is an oriented
homotopy invariant, for almost-complex manifolds, if and only if it is a rational linear com-
bination of the Euler characteristic and the signature of the manifold.
5 Pushforward of blowups and projective bundles
5.1 A brief history of pushforward in string theory
Intersection theory in algebraic geometry as we know it today is presented in the seminal
book of Fulton [28]. Chern classes are defined from Segre classes, which satisfy stronger
functorial properties. The first formula computing the Chern classes of the tangent bundle
of the blow-up of a nonsingular variety along a nonsingular center was conjectured by Todd
and Segre, and proven by Porteous [53]. A generalization of Porteous to singular varieties
was obtained by Aluffi [1], who also provided user friendly descriptions of Porteous formula
in the case of blow-ups whose centers are smooth complete intersections. Aluffi formula are
center to this paper, and are reviewed in section 5.
The pushforward allows to compute intersection numbers of a fibration in terms of the
Chow ring of its base. The first use of implicit pushforward methods in string theory is the
computation of the Euler characteristic of a Weierstrass model by Sethi, Vafa and Witten
for Calabi-Yau threefolds and fourfolds in terms of the Chow ring of its base [55]. Using
efficient pushforward techniques, generating functions for the Euler characteristic of a smooth
Weierstrass model was derived by Aluffi and Esole [3]. Intersection theory is instrumental in
defining the induced D3-charges in presence of an orientifold [12], which is to constrain to
satisfy a “tadpole condition”. See [4, 15, 22] for additional examples of topological relations
in the Chow ring motivated by string dualities and tapdole cancellations.
The first application of Porteous formula in string theory is [7]. Aluffi’s formula was
used to compute the Euler characteristic of an SU(5) model [27] in [47] and in the study of
anomaly cancellations in six dimensional gauge theories in [20, 22, 23, 24]. Powerful methods
to compute pushforwards in projective bundles using the functorial properties of the Segre
class were obtained in [30], extended a point of view used in [3, 4]. Recently in [19], we
introduced new theorems that streamline the computation of pushforwards of blowups as
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simple algebraic manipulations involving rational polynomials. These techniques allow a
simple computations of pushforward of any analytic expression of the exceptional divisors of
the blowup of a complete intersections of smooth divisors. All these techniques are illustrated
in [19] by computing the Euler characteristics of crepant resolutions of Weierstrass models.
Theorem 5.1 (Aluffi-Esole, [3]). For a smooth Weierstrass model, we have
ϕ∗c(Y ) = 12 L
1 + 6L
c(B). (5.1)
Theorem 5.2 (Esole–Jefferson–Kang,[19]). The SU(2)-model over a base of arbitrary di-
mension, gives
ϕ∗c(Y ) = 2L + 3LS − S2(1 + S)(1 + 6L − 2S)c(B), (5.2)
where S is the divisor supporting the fiber of type I2 or III.
Theorem 5.3 (Esole–Fullwood–Yau, [15, Theorem 1.4]). Let ϕ ∶ Y → B be an elliptic fi-
bration defined by the complete intersection of two divisors of class O(2) ⊗ π∗L ⊗2 in the
projective bundle π ∶ P(OB ⊕L ⊕L ⊕L )→ B. Then
ϕ∗c(Y ) = 4L(3 + 5L)(1 + 2L)2 c(B), (5.3)
where L = c1(L ).
Theorem 5.4 (Esole–Kang–Yau, [22]). Consider a projective variety B endowed with two
line bundles L and D. Let ϕ ∶ Y → B be a smooth elliptic fibration defined as the zero
scheme of a section of the line bundle O(3) ⊗ π∗L ⊗2 ⊗ π∗D in the projective bundle π ∶
P(OB ⊕L ⊕D) → B. Then
ϕ∗c(Y ) = 6 (2L + 2L2 −LD +D2)(1 + 2L − 2D)(1 + 2L +D)c(B), (5.4)
where D = c1(D) and L = c1(L ).
5.2 Definitions and notations
Throughout this paper, we work over the field of complex numbers. A variety is a reduced
and irreducible algebraic scheme. We denote the vanishing locus of the sections f1, . . . , fn by
V (f1, . . . , fn). The tangent bundle of a variety X is denoted by TX and the normal bundle
of a subvariety Z of a variety X is denoted by NZX. Let V → B be a vector bundle over a
variety B. We denote the by P(V ) the projective bundle of lines in V . We use Weierstrass
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models defined with respect to the projective bundle π ∶ X0 = P[OB⊕L ⊗2⊕L ⊗3]→ B where
L is a line bundle of B. We denote the pullback of L with respect to π by π∗L . We denote
by OX0(1) the canonical line bundle on X0, i.e., the dual of the tautological line bundle of X0
(see [28, Appendix B.5]). The first Chern class of OX0(1) is denoted H and the first Chern
class of L is denoted L. The Weierstrass model ϕ ∶ Y0 → B is defined as the zero-scheme
of a section of OX0(3)⊗ π∗L ⊗6. The Chow group A∗(X) of a nonsingular variety X is the
group of divisors modulo rational equivalence [28, Chap. 1,§1.3]. We use [V ] to refer to the
class of a subvariety V in A∗(X). Given a class α ∈ A∗(X), the degree of α is denoted ∫X α
(or simply ∫ α if X is clear from the context.) Only the zero component of α is relevant
in computing ∫X α—see [28, Definition 1.4, p. 13]. We use c(X) = c(TX) ∩ [X] to refer to
the total homological Chern class of a nonsingular variety X, and likewise we use ci(TX) to
denote the ith Chern class of the tangent bundle TX. Given two varieties X,Y and a proper
morphism f ∶ X → Y , the proper pushforward associated to f is denoted f∗. If g ∶ X → Y is
a flat morphism, the pullback of g is denoted g∗ and by definition g∗[V ] = [g−1(V )], see [28,
Chap 1, §1.7].
Definition 5.5 (Pushforward, [28, Chap. 1, p. 11]). Let f ∶X Ð→ Y be a proper morphism.
Let V be a subvariety of X, the image W = f(V ) a subvariety of Y , and the function field
R(V ) an extension of the function field R(W ). The pushforward f∗ ∶ A∗(X) → A∗(Y ) is
defined as follows
f∗[V ] =
⎧⎪⎪⎨⎪⎪⎩
0 if dimV ≠ dimW,
[R(V ) ∶ R(W )] [V2] if dimV = dimW,
where [R(V ) ∶ R(W )] is the degree of the field extension R(V )/R(W ).
Definition 5.6 (Degree, [28, Chap. 1, p. 13]). The degree of a class α of A∗(X) is denoted
by ∫X α (or simply ∫ α if there is no ambiguity in the choice of X), and is defined to be the
degree of its component in A0(X).
The total homological Chern class c(X) of any nonsingular variety X of dimension d is
defined as
c(X) = c(TX) ∩ [X],
where TX is the tangent bundle of X and [X] is the class of X in the Chow ring. The degree
of c(X) is the topological Euler characteristic of X:
χ(X) = ∫
X
c(X).
The following Lemma gives an important functorial property of the degree.
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Lemma 5.7 ([28, Chap. 1, p. 13]). Let f ∶ X Ð→ Y be a proper map between varieties. For
any class α in the Chow ring A∗(X) of X:
∫
X
α = ∫
Y
f∗α.
Lemma 5.7 means that an intersection number in X can be computed in Y through a
pushforward of a proper map f ∶ X Ð→ Y . This simple fact has far-reaching consequences as
it allows us to express the topological invariants of an elliptic fibration in terms of those of
the base.
Let X be a projective variety with at worst canonical Gorenstein singularities. We denote
the canonical class by KX .
Definition 5.8. A birational projective morphism ρ ∶ Y Ð→ X is called a crepant desingu-
larization of X if Y is smooth and KY = ρ∗KX .
Definition 5.9. A resolution of singularities of a variety Y is a proper surjective birational
morphism ϕ ∶ Ỹ Ð→ Y such that Ỹ is nonsingular and ϕ is an isomorphism away from the
singular locus of Y . In other words, Ỹ is nonsingular and if U is the singular locus of Y ,
ϕ maps ϕ−1(Y ∖ U) isomorphically onto Y ∖ U . A crepant resolution of singularities is a
resolution of singularities such that KY = f∗KX .
5.3 Pushforward formulas
When pushing forward blowups of a projective bundle π ∶ X0 = P[OB ⊕L ⊗2 ⊕L ⊗3] Ð→ B,
the key ingredients are the following three theorems. The first one is a theorem of Aluffi
which gives the Chern class after a blowup along a local complete intersection. The second
theorem is a pushforward theorem that provides a user-friendly method to compute invariant
of the blowup space in terms of the original space. The last theorem is a direct consequence
of functorial properties of the Segre class and gives a simple method to pushforward analytic
expressions in the Chow ring of the projective bundle X0 to the Chow ring of its base. We
follow mostly [19].
Theorem 5.10 (Aluffi, [1, Lemma 1.3]). Let Z ⊂ X be the complete intersection of d
nonsingular hypersurfaces Z1, . . . , Zd meeting transversally in X. Let f ∶ X̃ Ð→ X be the
blowup of X centered at Z. We denote the exceptional divisor of f by E. The total Chern
class of X̃ is then:
c(TX̃) = (1 +E)( d∏
i=1
1 + f∗Zi −E
1 + f∗Zi
)f∗c(TX). (5.5)
17
Lemma 5.11 (See [1, 19]). Let f ∶ X̃ Ð→ X be the blowup of X centered at Z. We denote
the exceptional divisor of f by E. Then
f∗E
n = (−1)d+1hn−d(Z1, . . . ,Zd)Z1⋯Zd,
where hi(x1, . . . , xk) is the complete homogeneous symmetric polynomial of degree i in (x1, . . . , xk)
with the convention that hi is identically zero for i < 0 and h0 = 1.
Theorem 5.12 (Esole–Jefferson–Kang, see [19]). Let the nonsingular variety Z ⊂ X be a
complete intersection of d nonsingular hypersurfaces Z1, . . . , Zd meeting transversally in X.
Let E be the class of the exceptional divisor of the blowup f ∶ X̃ Ð→ X centered at Z. Let
Q̃(t) = ∑a f∗Qata be a formal power series with Qa ∈ A∗(X). We define the associated formal
power series Q(t) = ∑aQata, whose coefficients pullback to the coefficients of Q̃(t). Then the
pushforward f∗Q̃(E) is
f∗Q̃(E) = d∑
ℓ=1
Q(Zℓ)Mℓ, where Mℓ = d∏
m=1
m≠ℓ
Zm
Zm −Zℓ
.
Theorem 5.13 (See [19] ). Let L be a line bundle over a variety B and π ∶ X0 = P[OB ⊕
L ⊗2 ⊕ L ⊗3] Ð→ B a projective bundle over B. Let Q̃(t) = ∑a π∗Qata be a formal power
series in t such that Qa ∈ A∗(B). Define the auxiliary power series Q(t) = ∑aQata. Then
π∗Q̃(H) = −2 Q(H)
H2
∣
H=−2L
+ 3
Q(H)
H2
∣
H=−3L
+
Q(0)
6L2
,
where L = c1(L ) and H = c1(OX0(1)) is the first Chern class of the dual of the tautological
line bundle of π ∶X0 = P(OB ⊕L ⊗2 ⊕L ⊗3)→ B.
Since all the blowups used in this paper have centers that are complete intersections of
two or three smooth divisors, the following two Lemmas are all that is needed to compute
pushforwards under such blowups when the base is a threefold. They are direct consequences
of Lemma 5.11.
Lemma 5.14. For a blowup f ∶ X̃ Ð→X with center a transverse intersection of two divisors
of class Z1 and Z2, we have
f∗E = 0, f∗E2 = −Z1Z2, f∗E3 = −(Z1 +Z2)Z1Z2,
f∗E
4 = −(Z2
1
+Z2
2
+Z1Z2)Z1Z2, f∗E5 = −(Z1 +Z2)(Z21 +Z22)Z1Z2. (5.6)
Lemma 5.15. For a blowup f ∶ X̃ Ð→ X with center a transverse intersection of three
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divisors of class Z1, Z2, and Z3, we have
f∗E = 0, f∗E2 = 0, f∗E3 = Z1Z2Z3,
f∗E
4 = (Z1 +Z2)Z1Z2Z3, f∗E5 = (Z21 +Z22 +Z23 +Z1Z2 +Z1Z3 +Z2Z3)Z1Z2Z3. (5.7)
Lemma 5.16 ([19, 29]). Given the projective bundle π ∶ X0 = P(OB ⊕ L ⊗2 ⊕ L ⊗3) → B,
denoting the first Chern class of L by L, we have:
π∗1 = 0, π∗H = 0, π∗H2 = 1, π∗H3 = −5L, π∗H4 = 19L2, π∗H5 = −65L3,
π∗H
k = [(−2)k−1 − (−3)k−1]Lk−2 n ≥ 1.
Using Lemma 5.16, it is then direct to show that
π∗(Hk(3H + 6L)) = −(−3)kLk−1, k ≥ 1 (5.8)
5.4 Example: the second Chern class under a crepant birational
map
We now look at the behavior of the second Chern class of a divisor V under a crepant blowup
whose center is a complete intersection of n smooth divisors intersecting transversally in a
smooth ambient space X.
Theorem 5.17. Consider a smooth variety X and a blowup f ∶ X̃ → X with center the
complete intersection of n ≥ 2 smooth divisors Zi intersecting transversally. We denote the
exceptional divisor by E. Consider a divisor V in X. If we ask for the restriction of the blowup
to V to be crepant, then the class of V is such that its proper transform is Ṽ = f∗V −(n−1)E.
It follows that
f∗(c2(T Ṽ ) ⋅ Ṽ ) = c2(TV ) ⋅ V.
Proof. Using Aluffi’s formula (Theorem 5.10) and the adjunction formula, we have
c(T Ṽ ) = (1 +E)( n∏
i=1
(1 + f∗Zi −E)(1 + f∗Zi) )
f∗c(TX)
(1 + f∗V − (n − 1)E) .
In the case n − 2, by a direct expansion:
c1(T Ṽ ) = f∗c1(TX) − f∗V = f∗c1(TV ), c2(T Ṽ ) = f∗c2(Y ) − V (Y −Z1 −Z2) − V 2,
where c2(TV ) = c2(TX) − c1V + V 2. It follows that
f∗c2(T Ṽ ) ∩ Ṽ = f∗[f∗c2(TV ) ∩ [V ] + f∗V f∗(Z1 +Z2)E − f∗(Z1 +Z2)E2 +E3]
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By applying Lemma 5.14, we find
f∗c2(T Ṽ ) ∩ (Ṽ ) = c2(TV ) ∩ [V ].
In the case n = 3, there is no contribution of order E3 in f∗c2(T Ṽ ) ∩ (Ṽ ) and by Lemma
5.15 we have f∗E = f∗E2 = 0.
f∗(c2(T Ṽ ) ⋅ Ṽ ) = f∗[c2(V ) ⋅ V ]
+ (2c1V − 2c2 − 4V 2 + V Z1 + V Z2 + V Z3)E + (4V − 2Z1 − 2Z2 − 2Z3)E2.
In the case n ≥ 4, the theorem is trivial because c2(T Ṽ ) ⋅ Ṽ is at most cubic in E and f∗Ei = 0
for i ≤ 3 by Lemma 5.11.
5.5 Example: Todd class of a flat fibration of genus-g curves.
Theorem 5.18 (Esole-Fullwood-Yau, [15, Theorem A.1]). Let ϕ ∶ X → B be a proper and
flat morphism between smooth projective varieties such that the generic fiber of ϕ is a smooth
curve of genus g. Then
ϕ∗Td(X) = (1 − ch(ϕ∗ω∨X/B))Td(B), (5.9)
where ωX/B is the relative dualizing sheaf of the fibration.
When the variety Y is smooth, ωX/B = ωY ⊗ (ϕ∗ωB)∨. In particular, in the case of an
elliptic fibration, we get
ϕ∗Td(Y ) = (1 − e−L)Td(B), (5.10)
where L = c1(L ) and L is the fundamental line bundle of the Weierstrass model.
The previous theorem shows that the holomorphic Euler characteristic depends only on
the base and the line bundle L . In particular, for a G-model, it does not depend on the
Kodaira type.
the holomorphic arithmetic genus of Y is the same as χ(W,OW ) where W is the Weier-
strass divisor defined as the zero locus of a smooth section of L . See [15, Appendix A].
χ0(Y ) = ∫
Y
ϕ∗Td(Y ) = χ(W,OW ). (5.11)
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5.6 Example: Smooth Weierstrass model
The Euler characteristic of a smooth Weierstrass model Y0 → B with fundamental line bundle
L is
χ(Y0) = 12L∫
B
1
1 + 6L
c(TB), where L = c1(L ). (5.12)
For an elliptic fourfold given by a smooth Weierstrass model:
χ0(Y0) = 1
12
∫
B
L(c21 + c2 − 3c1L + 2L2), χ1(Y0) = −1
3
∫
B
L(2c21 + 5c2 − 54c1L + 232L2),
(5.13)
χ2(Y0) = −1
2
∫
B
L(3c21 − 17c2 + 71c1L − 554L2). (5.14)
Using the adjunction formula, we have
c(TY0) = (1 +H)(1 +H + 2L)(1 +H + 3L)(1 + 3H + 6L) (1 + c1(TB) + c2(TB) + c3(TB)) (5.15)
We abuse notation and do not write the pullback. By expanding, we get:
c1(TY0) = (c1 −L), c2(TY ) = c2 − c1L + 13HL + 12L2 + 3H2,
c3(TY0) = −72L3 + 12c1L2 − c2L + c3 +H(13c1L − 108L2) +H2(3c1 − 52L) − 8H3
c4(TY0) = (−72c1L3 + 12c2L2 − c3L + 432L4) +H(−108c1L2 + 13c2L + 864L3)
+ (−52c1L + 3c2 + 636L2)H2 + (204L − 8c1)H3 + 24H4.
(5.16)
Theorem 5.19 (Chern and Pontryagin numbers of a smooth Weierstrass fourfold). Let B
be a projective threefold and ϕ ∶ Y0 → B be a smooth Weierstrass model with fundamental line
bundle L . Denoting the first Chern class of L by L and writing the ith Chern class of the
base B simply as ci, the Chern and Pontryagin numbers of Y0 are
∫
Y0
c41(TY0) = 0, (5.17)
∫
Y0
c21(TY0)c2(TY0) = 12∫
B
L(c1 −L)2, (5.18)
∫
Y0
c22(TY0) = 24∫
B
L(6L2 − c1L + c2), (5.19)
∫
Y0
c1(TY0)c3(TY ) = 12∫
B
L(c1 − 6L)(c1 −L), (5.20)
∫
Y0
c4(TY0) = 12∫
B
L(36L2 − 6Lc1 + c2), (5.21)
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∫
Y0
p2(TY0) = −24∫
B
L(−c21 + 2c2 + 36L2), (5.22)
∫
Y0
p21(TY0) = −48∫
B
L(c21 − 2c2 − 11L2). (5.23)
Proof. For each entries, we use (5.16) and compute
∫
Y0
A = ∫
X0
A ⋅ (3H + 6L) = 3∫
B
π∗[A ⋅ (H + 2L)].
The pushforward is then evaluated using Theorem 5.13 or Lemma 5.16.
For instance, ∫Y0 c4(TY0) = ∫X0 c4(TY0)(3H +6L). Since terms independent of H or linear
in H will not contribute (see Lemma 5.16), we have
∫
Y0
c4(TY0) = ∫
X0
c4(TY0)(3H + 6L)
= ∫
B
π∗(H3(−204c1L + 9c2 + 3132L2) +H2(−636c1L2 + 57c2L + 6408L3)+
H4(756L − 24c1) + 72H5)
= 12∫
B
L(36L2 − 6Lc1 + c2)
Using Lemma 5.16, we implement the pushforward with the substitution H2 → 1, H3 → −5L,
H4 → 19L2, H5 → −65L3, which gives the final answer.
As a direct application of Theorem 5.19, we compute the following invariants for a smooth
Weierstrass model.
Theorem 5.20 (L-genus, Aˆ-genus, and X8 invariant of a smooth Weierstrass model). Let
B be a projective threefold and ϕ ∶ Y0 → B be a smooth Weierstrass model with fundamental
line bundle L . Denoting the first Chern class of L by L and the ith Chern class of the base
B simply by ci, then, we have
45σ = ∫
Y0
(7p2(TY0) − p21(TY0)) = 120∫
B
L(−c21 + 2c2 + 46L2), (5.24)
5760∫
Y0
Aˆ2 = ∫
Y0
(7p21(TY0) − 4p2(TY0)) = 240∫
B
L(−c21 + 2c2 +L2), (5.25)
192X8 = ∫
Y0
(p21(TY0) − 4p2(TY0)) = 48∫
B
L(c21 − 2c2 − 61L2). (5.26)
Proof. True by linearity from the quantities computed in Theorem 5.19.
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5.7 Example: the SU(2)-model
In this section, we discuss in detail the computation of Chern numbers of the SU(2)-model.
The result is independent of a choice of a possible Kodaira fiber realizing the Dynkin diagram
of type A1 because type I2 and III are resolved by the same blowup. The Weierstrass equations
defining SU(2)-models are given in section 6.1. The Weierstrass equation is defined in the
ambient space as the projective bundle X0, where the projection map is π ∶ X0 = PB[OB ⊕
L ⊗2 ⊕L ⊗3]→ B and the defining equation is a section of O(3)⊗L ⊗6. Hence, we find
c(TX0) = (1 +H)(1 +H + 3π∗L)(1 +H + 2π∗L)π∗c(TB),
c(TY0) = c(X0)
1 + 3H + 6π∗L
,
where L = c1(L ) and H = c1(OX0(1)) is the first Chern class of the dual of the tautological
line bundle of π ∶ X0 = P(OB ⊕L ⊗2 ⊕L ⊗3)→ B. We denote by S = V (s) the Cartier divisor
supporting the fiber I2 or III with dual graph of Dynkin type Ã1.
The singular elliptic fibration of an SU(2)-model is resolved by a unique blowup with
the center (x, y, s), which we denote as f ∶ X1 Ð→ X0 with the exceptional divisor E1. The
center is a complete intersection of hypersurfaces V (x), V (y), and V (s), whose classes are
respectively
Z1 = 2π∗L +H, Z2 = 3π∗L +H, Z3 = π∗S.
The proper transform of the elliptic fibration Y0 is denoted as Y , and is obtained from the
total transform of Y by removing 2E1. It follows that the class of Y in X1 is
[Y ] = [f∗(3H + 6π∗L) − 2E1] ∩ [X1].
Using Theorem 5.10, we have the following Chern class for X1
c(TX1) = (1 +E1)(1 + f∗Z1 −E1)(1 + f∗Z2 −E1)(1 + f∗Z3 −E1)(1 + f∗Z1)(1 + f∗Z2)(1 + f∗Z3) f∗c(TX0).
The adjunction formula gives
c(TY ) = (1 +E1)(1 + f∗Z1 −E1)(1 + f∗Z2 −E1)(1 + f∗Z3 −E1)(1 + 3f∗H + 6f∗π∗L − 2E1)(1 + f∗Z1)(1 + f∗Z2)(1 + f∗Z3)f∗c(TX0).
Concretely, we replace c(TB) by the Chern polynomial ct(TB) = 1+c1t+c2t2+c3t3, L by Lt,
and S by St. Then, ci(TY ) is given by the coefficient of ti in the Taylor expansion centered
at t = 0. From the expansion, we get the following expression (to ease the notation, we do
not write the pullbacks. Thus, by ci, L, S, and H we mean f∗π∗ci, f∗π∗L, f∗π∗S, and f∗H
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respectively).
c1(TY ) = (c1 −L), (5.27)
c2(TY ) = (c2 − c1L + 12L2) + 3H2 + 13HL +E1(−4H − 7L + S), (5.28)
c3(TY ) = 3c1H2 + 13c1HL + 12c1L2 − c2L + c3 − 8H3 − 52H2L − 108HL2 − 72L3
+E1(−4c1H − 7c1L + c1S + 16H2 + 66HL + 66L2 −LS − S2) (5.29)
+E21(−10H − 19L + S) + 2E31 ,
c4(TY ) = (−8c1H3 − 52H2c1L − 108c1HL2 − 72c1L3 + 3c2H2 + 13c2HL
+ 12c2L
2
− c3L + 24H
4
+ 204H3L + 636H2L2 + 864HL3 + 432L4)
+E1(16c1H2 + 66c1HL + 66c1L2 − c1LS − c1S2 − 4c2H − 7c2L + c2S (5.30)
− 64H3 − 398H2L + 3H2S − 810HL2 + 13HLS − 540L3 + 12L2S +LS2 + S3)
+E21(−10c1H − 19c1L + c1S + 59H2 + 239HL − 4HS + 240L2 − 8LS − S2)
+E31(2c1 − 22H − 45L + S) + 3E41 .
We can now compute ∫Y c22(TY ) and apply the pushforward formula of Lemma 5.15
∫
Y
c22(TY ) =∫
X1
c22(TY )[Y ] = ∫
X1
c22(TY )(f∗(3H + 6π∗L) − 2E1)
=∫
X0
f∗(c22(TY )(f∗(3H + 6π∗L) − 2E1))
=∫
B
π∗f∗(c22(TY )(f∗(3H + 6π∗L) − 2E1))
=24∫
B
L(c2 − c1L + 6L2) − 2∫
B
S(7L − S)2.
(5.31)
In the second line, we use ∫Y A = ∫X1 A∩[Y ]. In the third line, we use the functorial property
∫X1 A = ∫X0 f∗A for a proper map f ∶X1 →X0. In the fourth line, we use again the functional
property of the degree, but this time, for the proper map π ∶ X0 → B. In the last line, we use
Lemma 5.15 to compute the pushforward of f to X0 and then Lemma 5.16 to compute of π
to the base B.
Using the same logic, we now compute ∫Y c3(TY )f∗π∗α.
∫
Y
c3(TY )f∗π∗α = ∫
X1
c3(TY )(f∗(3H + 6π∗L) − 2E1)f∗π∗α
= ∫
X0
f∗(c3(TY )(3H + 6L − 2E1))π∗α
= ∫
B
π∗f∗(c3(TY )(3H + 6L − 2E1))α
= ∫
B
12L(c1 − 6L)α + 6∫
B
(5L − S)Sα.
(5.32)
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In the first line, we use ∫Y A = ∫X1 A∩ [Y ]. The second and third lines are projection formula
for f and π. In the last line, we use Lemma 5.15 to compute the pushforward of f to X0 and
then Lemma 5.16 to compute of π to the base B.
6 G-models
6.1 Tate’s forms for G-models
The variable s is a section of the line bundle OB(S). In other words, the zero locus locus
V (s) is the divisor S supporting the singular fiber.
Is2 SU(2) ∶ y
2z + a1xyz + a3,1syz = x3 + a2,1sx2z + a4,1sxz2 + a6,2s2z3, (6.1)
Ins2n USp(2n) ∶ y
2z = x3 + a2x2z + a4,nsnxz2 + a6,2ns2nz3, (6.2)
Ins2n+1 USp(2n) ∶ y
2z = x3 + a2x2z + a4,n+1sn+1xz2 + a6,2n+1s2n+1z3, (6.3)
Is2n SU(2n) ∶ y
2z + a1xyz = x3 + a2,1sx2z + a4,nsnxz2 + a6,2ns2nz3, (6.4)
Is2n+1 SU(2n + 1) ∶ y
2z + a1xyz + a3,ns
nyz2 = x3 + a2,1sx2z + a4,n+1sn+1xz2 + a6,2n+1s2n+1z3,
(6.5)
I∗ss0 Spin(7) ∶ y
2z = x3 + a2,1sx2z + a4,2s2xz2 + a6,4s4z3, (6.6)
I∗s0 Spin(8) ∶ y
2z = (x − x1sz)(x − x2sz)(x − x3sz) + s2rx2z + s3qxz2 + s4tz3,
(6.7)
III SU(2) ∶ y2z = x3 + sa4,1xz2 + s2a6,2z3, (6.8)
IVns SU(2) ∶ y2z = x3 + s2a4,2xz2 + s2a6,2z3, (6.9)
IVs SU(3) ∶ y2z + a3,1syz
2 = x3 + s2a4,2xz2 + s3a6,3z3, (6.10)
I∗ns0 G2 ∶ y
2z = x3 + s2a4,2xz2 + s3a6,3z3, (6.11)
IV∗ns F4 ∶ y
2z = x3 + s3a4,3xz2 + s4a6,4z3, (6.12)
IV∗s E6 ∶ y
2z + a3,2s
2yz2 = x3 + s3a4,3xz2 + s5a6,5z3, (6.13)
III∗ E7 ∶ y
2z = x3 + s3a4,3xz + s5a6,5z3, (6.14)
II∗ E8 ∶ y
2z = x3 + s4a4,4xz2 + s5a6,5z3. (6.15)
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Algebra Dynkin diagram Kodaira type
1
I1, II
SU(2) 1 1 Is2, Ins2 , Ins3 , III, IVns
SU(ℓ) (ℓ ≥ 3)
1
1
1 1
1 Isℓ
Spin(2(4 + ℓ)) (ℓ ≥ 0)
1
1
2 2 2
1
1
I∗sℓ
E6
1 2 3 2 1
2
1
IV∗s
E7
1 2 3 4 3 2 1
2
III∗
E8
1 2 3 4 5 6 4
3
2
II∗
Spin(2(3 + ℓ) + 1) (ℓ ≥ 0)
1
1
2 2 2 1
⎧⎪⎪⎨⎪⎪⎩
I∗ss0 for ℓ = 0
I∗nsℓ for ℓ ≥ 1
USp(2(2 + ℓ)) (ℓ ≥ 0) 1 1 1 1 1 1 Ins4+2ℓ, Ins5+2ℓ
F4
1 2 3 2 1
IV∗ns
G2
1 2 1
I∗ns0
Table 3: Affine Dynkin diagrams appearing as dual graphs of decorated Kodaira fibers.
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6.2 Crepant resolutions
Group Fiber Type Crepant Resolution
SU(2)
Is2, I
ns
2
Ins3 , III
IVns
X0 X1
(x, y, s∣e1)
SU(3)
USp(4)
G2
Is3, IV
s
Ins4
I∗ns0
X0 X1 X2
(x, y, s∣e1) (y, e1∣e2)
SU(4)
Spin(7)
Is4
I∗ss0
X0 X1 X2 X3
(x, y, s∣e1) (y, e1∣e2) (x, e2∣e3)
Spin(8) I∗s0 X0 X1 X2 X3 X4(x, y, s∣e1) (y, e1∣e2) (x − xisz, e2∣e3) (x − xjsz, e2∣e4)
F4 IV
∗ns
X0 X1 X2 X3 X4
(x, y, s∣e1) (y, e1∣e2) (x, e2∣e3) (e3, e2∣e4)
SU(5) Is5 X0 X1 X2 X3 X4(x, y, s∣e1) (x, y, e1∣e2) (y, e1∣e3) (y, e2∣e4)
Spin(10) I∗s
1 X0 X1 X2 X3 X4 X5
(x, y, s∣e1) (y, e1∣e2) (x, e2∣e3) (y, e3∣e4) (e2, e3∣e5)
SU(6) Is6 X0 X1 X2 X3 X4 X5(x, y, s∣e1) (y, e1∣e2) (x, e2∣e3) (y, e3∣e4) (x, e4∣e5)
SU(7) Is7 X0 X1 X2 X3 X4
X5X6
(x, y, s∣e1) (y, e1∣e2) (x, e2∣e3) (y, e3∣e4)
(x, e4∣e5)(y, e5∣e6)
E6 IV
∗s
X0 X1 X2 X3 X4
X5X6
(x, y, s∣e1) (y, e1∣e2) (x, e2∣e3) (e2, e3∣e4)
(y, e3∣e5)(y, e4∣e6)
E7 III
∗
X0 X1 X2 X3 X4
X5X6X7
(x, y, s∣e1) (y, e1∣e2) (x, e2∣e3) (y, e3∣e4)
(e2, e3∣e5)(e2, e4∣e6)(e4, e5∣e7)
E8 II
∗
X0 X1 X2 X3 X4
X5X6X7X8
(x, y, s∣e1) (y, e1∣e2) (x, e2∣e3) (y, e3∣e4)
(e2, e3∣e5)(e4, e5∣e6)(e2, e4, e6∣e7)(e4, e7∣e8)
Table 4: The blowup centers of the crepant resolutions. The variable s is a section of the
line bundle OB(S). In other words, the zero locus locus V (s) is the divisor S supporting the
singular fiber given in the second column.
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6.3 Tables of results
Algebra G Kodaira ϕ∗(c3(TY )[Y ])
A1 SU(2) I
s
2, I
ns
2 , I
ns
3
III, IVns
12L(c1 − 6L) + 30LS − 6S2
A2
C2
G2
SU(3)
USp(4)
G2
Is3, IV
s
Ins4
I∗ns0
12L(c1 − 6L) + 48LS − 12S2
A3
B3
SU(4)
Spin(7)
Is4
I∗ss0
12L(c1 − 6L) + 64LS − 20S2
D4
F4
Spin(8)
F4
I∗s0
IV∗ns
12L(c1 − 6L) + 72LS − 24S2
A4 SU(5) Is5 12L(c1 − 6L) + 80LS − 30S2
D5 Spin(10) I∗s1 12L(c1 − 6L) + 84LS − 32S2
A5 SU(6) Is6 12L(c1 − 6L) + 96LS − 42S2
A6 SU(7) Is7 12L(c1 − 6L) + 112LS − 56S2
E6 E6 IV
∗s
12L(c1 − 6L) + 90LS − 36S2
E7 E7 III
∗
12L(c1 − 6L) + 98LS − 42S2
E8 E8 II
∗
12L(c1 − 6L) + 120LS − 60S2
Table 5: Chern numbers after pushforwards to the base. The divisor S is the one supporting
the reducible Kodaira fiber corresponding to the type of the Lie algebra g. By definition,
L = c1(L ) and ci denotes the ith Chern class of the base of the fibration.
28
Group c4
1
(TY ) c2
1
(TY )c2(TY ) c22(TY ) c1(TY )c3(TY ) c4(TY )
SU(2) 0 12L(c1 −L)2 24L(L(6L − c1) + c2)
−2S(7L − S)2
12L(c1 − 6L)(c1 −L)
+6S(c1 −L)(5L − S)
12L(6L(6L − c1) + c2)
+6LS(5c1 − 54L)
−6S2(c1 − 15L) − 6S3
SU(3)
USp(4)
G2
0 12L(c1 −L)2 24L(L(6L − c1) + c2)
−8S (19L2 − 8LS + S2)
12L(c1 − 6L)(c1 −L)
+12S(c1 −L)(4L − S)
12L(6L(6L − c1) + c2)
+24LS(2c1 − 21L)
−12S2(c1 − 17L) − 24S3
SU(4)
Spin(7) 0 12L(c1 −L)
2
24L(L(6L − c1) + c2)
−4S (50L2 − 28LS + 5S2)
12L(c1 −L)(c1 − 6L)
+4S(c1 −L)(16L − 5S)
12L(6L(6L − c1) + c2)
+8LS(8c1 − 83L)
+4S2(89L − 5c1) − 60S3
Spin(8)
F4
0 12L(c1 −L)2 24L(L(6L − c1) + c2)
−8S (27L2 − 16LS + 3S2)
12L(c1 −L)(c1 − 6L)
+24S(c1 −L)(3L − S)
12L(6L(6L − c1) + c2)
+72LS(c1 − 10L)
−24S2(c1 − 17L) − 72S3
SU(5) 0 12L(c1 −L)2 24L(L(6L − c1) + c2)
−5S (50L2 − 35LS + 8S2)
12L(c1 −L)(c1 − 6L)
+10S(c1 −L)(8L − 3S)
12L(6L(6L − c1) + c2)
+10LS(8c1 − 83L)
+15S2(37L − 2c1) − 120S3
Spin(10) 0 12L(c1 −L)2 24L(L(6L − c1) + c2)
−4S (63L2 − 44LS + 10S2)
12L(c1 −L)(c1 − 6L)
+4S(c1 −L)(21L − 8S)
12L(6L(6L − c1) + c2)
+84LS(c1 − 10L)
−16S2(2c1 − 35L) − 120S3
SU(6) 0 12L(c1 −L)2 24L(L(6L − c1) + c2)
−S(298L2 − 251LS + 70S2)
12L(c1 −L)(c1 − 6L)
+6S(c1 −L)(16L − 7S)
12L(6L(6L − c1) + c2)
+6LS(16c1 − 165L)
−3S2(14c1 − 265L) − 210S3
SU(7) 0 12L(c1 −L)2 24L(L(6L − c1) + c2)
−2S(174L2 − 171LS + 56S2)
12L(c1 −L)(c1 − 6L)
+56S(c1 −L)(2L − S)
12L(6L(6L − c1) + c2)
+4LS(28c1 − 289L)
−2S2(28c1 − 541L) − 336S3
E6 0 12L(c1 −L)2 24L(L(6L − c1) + c2)
−3S (86L2 − 61LS + 14S2)
12L(c1 −L)(c1 − 6L)
+18S(c1 −L)(5L − 2S)
12L(6L(6L − c1) + c2)
+18LS(5c1 − 48L)
−9S2(4c1 − 65L) − 126S3
E7 0 12L(c1 −L)2 24L(L(6L − c1) + c2)
−2S (135L2 − 100LS + 24S2)
12L(c1 −L)(c1 − 6L)
+14S(c1 −L)(7L − 3S)
12L(6L(6L − c1) + c2)
+2LS(49c1 − 454L)
−6S2(7c1 − 107L) − 144S3
E8 0 12L(c1 −L)2 24L(L(6L − c1) + c2)
−40S (8L2 − 7LS + 2S2)
12L(c1 −L)(c1 − 6L)
+60S(c1 −L)(2L − S)
12L(6L(6L − c1) + c2)
+120LS(c1 − 9L)
−60S2(c1 − 15L) − 240S3
Table 6: Chern numbers of elliptically fibered fourfolds obtained from crepant resolutions of
Tate’s models. The divisor S is supporting the reducible Kodaira fiber corresponding to the
type of the Lie algebra. We abuse notation and omit the degree ∫ in the entries of the table.
By definition, L = c1(L ) and ci denotes the ith Chern class of the base of the fibration.
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Group χ0 χ1 χ2
SU(2) 1
12
L (c2
1
− 3c1L + c2 + 2L2)
−
1
3
L (2c2
1
− 54c1L + 5c2 + 232L2)
+
1
2
S2(3c1 − 31L) − 12LS(15c1 − 113L) + S3
−
1
2
L (3c2
1
+ 71c1L − 17c2 − 554L2)
+S2(59L − 3c1) +LS(15c1 − 211L) − 4S3
SU(3)
USp(4)
G2
1
12
L (c2
1
− 3c1L + c2 + 2L2) −
1
3
L (2c2
1
− 54c1L + 5c2 + 232L2)
+S2(3c1 − 35L) − 4LS(3c1 − 22L) + 4S3
−
1
2
L (3c2
1
+ 71c1L − 17c2 − 554L2)
−2S2(3c1 − 67L) + 8LS(3c1 − 41L) − 16S3
SU(4)
Spin(7)
1
12
L (c2
1
− 3c1L + c2 + 2L2)
−
1
3
L (2c2
1
− 54c1L + 5c2 + 232L2)
+S2(5c1 − 61L) − 4LS(4c1 − 29L) + 10S3
−
1
2
L (3c2
1
+ 71c1L − 17c2 − 554L2)
−2S2(5c1 − 117L) + 16LS(2c1 − 27L) − 40S3
Spin(8)
F4
1
12
L (c2
1
− 3c1L + c2 + 2L2)
−
1
3
L (2c2
1
− 54c1L + 5c2 + 232L2)
+2S2(3c1 − 35L) − 18LS(c1 − 7L) + 12S3
−
1
2
L (3c2
1
+ 71c1L − 17c2 − 554L2)
−4S2(3c1 − 67L) + 36LS(c1 − 13L) − 48S3
SU(5) 1
12
L (c2
1
− 3c1L + c2 + 2L2)
−
1
3
L (2c2
1
− 54c1L + 5c2 + 232L2)
+
5
2
S2(3c1 − 38L) − 5LS(4c1 − 29L) + 20S3
−
1
2
L (3c2
1
+ 71c1L − 17c2 − 554L2)
−5S2(3c1 − 73L) + 20LS(2c1 − 27L) − 80S3
Spin(10) 1
12
L (c2
1
− 3c1L + c2 + 2L2)
−
1
3
L (2c2
1
− 54c1L + 5c2 + 232L2)
+8S2(c1 − 12L) − 21LS(c1 − 7L) + 20S3
−
1
3
L (2c2
1
− 54c1L + 5c2 + 232L2)
+8S2(c1 − 12L) − 21LS(c1 − 7L) + 20S3
SU(6) 1
12
L (c2
1
− 3c1L + c2 + 2L2)
−
1
3
L (2c2
1
− 54c1L + 5c2 + 232L2)
+
1
2
S2(21c1 − 272L) −LS(24c1 − 173L) + 35S3
−
1
2
L (3c2
1
+ 71c1L − 17c2 − 554L2)
+S2(523L − 21c1) + 4LS(12c1 − 161L) − 140S3
SU(7) 1
12
L (c2
1
− 3c1L + c2 + 2L2)
−
1
3
L (2c2
1
− 54c1L + 5c2 + 232L2)
(+S2) (14c1 − 185L) − 2LS(14c1 − 101L) + 56S3
−
1
2
L (3c2
1
+ 71c1L − 17c2 − 554L2)
−4S2(7c1 − 178L) + 8LS(7c1 − 94L) − 224S3
E6 1
12
L (c2
1
− 3c1L + c2 + 2L2)
−
1
3
L (2c2
1
− 54c1L + 5c2 + 232L2)
+
3
2
S2(6c1 − 67L) − 32LS(15c1 − 101L) + 21S3
−
1
2
L (3c2
1
+ 71c1L − 17c2 − 554L2)
−6S2(3c1 − 64L) + 3LS(15c1 − 187L) − 84S3
E7 1
12
L (c2
1
− 3c1L + c2 + 2L2)
−
1
3
L (2c2
1
− 54c1L + 5c2 + 232L2)
+
1
2
S2(21c1 − 221L) − 12LS(49c1 − 319L) + 24S3
−
1
2
L (3c2
1
+ 71c1L − 17c2 − 554L2)
+S2(421L − 21c1) +LS(49c1 − 589L) − 96S3
E8 1
12
L (c2
1
− 3c1L + c2 + 2L2)
−
1
3
L (2c2
1
− 54c1L + 5c2 + 232L2)
+5S2(3c1 − 31L) + 10LS(19L − 3c1) + 40S3
1
2
L (−3c2
1
− 71c1L + 17c2 + 554L2)
+10S2(59L − 3c1) + 20LS(3c1 − 35L) − 160S3
Table 7: Holomorphic genera. The divisor S is the one supporting the reducible Kodaira
fiber corresponding to the type of the Lie algebra g. To ease the notation, we abuse notation
and omit the degree ∫ in the entries of the table. By definition, L = c1(L ) and ci denotes
the ith Chern class of the base of the fibration. The holomorphic Euler characteristic χ0(Y )
is equal to χ0(W,OW ) where W is the divisor defined by L in the base (see section 5.5).
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Group ∫Y p2(TY ) ∫Y p21(TY )
SU(2) −24L(−c2
1
+ 2c2 + 36L2) − 14S(7L − S)2 −48L(c21 − 2c2 − 11L2) − 8S(7L − S)2
SU(3), USp(4), G2 −24L(−c21 + 2c2 + 36L2) − 56S(19L2 − 8LS + S2) −48L(c21 − 2c2 − 11L2) − 32S(19L2 − 8LS + S2)
SU(4), Spin(7) −24L(−c2
1
+ 2c2 + 36L2) − 28S(50L2 − 28LS + 5S2) −48L(c21 − 2c2 − 11L2) − 16S(50L2 − 28LS + 5S2)
Spin(8), F4 −24L(−c21 + 2c2 + 36L2) − 56S(27L2 − 16LS + 3S2) −48L(c21 − 2c2 − 11L2) − 32S(27L2 − 16LS + 3S2)
SU(5) −24L(−c2
1
+ 2c2 + 36L2) − 35S(50L2 − 35LS + 8S2) −48L(c21 − 2c2 − 11L2) − 20S(50L2 − 35LS + 8S2)
Spin(10) −24L(−c2
1
+ 2c2 + 36L2) − 28S(63L2 − 44LS + 10S2) −48L(c21 − 2c2 − 11L2) − 16S(63L2 − 44LS + 10S2)
SU(6) −24L(−c2
1
+ 2c2 + 36L2) − 7S(298L2 − 251LS + 70S2) −48L(c21 − 2c2 − 11L2) − 4S(298L2 − 251LS + 70S2)
SU(7) −24L(−c2
1
+ 2c2 + 36L2) − 14S(174L2 − 171LS + 56S2) −48L(c21 − 2c2 − 11L2) − 8S(174L2 − 171LS + 56S2)
E6 −24L(−c21 + 2c2 + 36L2) − 21S(86L2 − 61LS + 14S2) −48L(c21 − 2c2 − 11L2) − 12S(86L2 − 61LS + 14S2)
E7 −24L(−c21 + 2c2 + 36L2) − 14S(135L2 − 100LS + 24S2) −48L(c21 − 2c2 − 11L2) − 8S(135L2 − 100LS + 24S2)
E8 −24L(−c21 + 2c2 + 36L2) − 280S(8L2 − 7LS + 2S2) −48L(c21 − 2c2 − 11L2) − 160S(8L2 − 7LS + 2S2)
Table 8: Pontryagin numbers. The divisor S is the one supporting the reducible Kodaira
fiber corresponding to the type of the Lie algebra g. To ease the notation, we abuse notation
and omit the degree ∫ in the entries of the table. By definition, L = c1(L ) and ci denotes
the ith Chern class of the base of the fibration.
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Group 192X8 = ∫Y (p21 − 4p2) 45σ = 45 ∫Y L2 = ∫Y (7p2 − p21) 5760 ∫Y Aˆ2 = ∫Y (7p21 − 4p2)
SU(2) 48L (c21 − 2c2 − 61L2)
+48S(7L − S)2
120L (−c2
1
+ 2c2 + 46L2)
−90S(7L − S)2 240L (−c
2
1
+ 2c2 +L2)
SU(3)
USp(4)
G2
48L (c2
1
− 2c2 − 61L2)
+192S(19L2 − 8LS + S2)
120L (−c2
1
+ 2c2 + 46L2)
−360S(19L2 − 8LS + S2) 240L (−c
2
1
+ 2c2 +L2)
SU(4)
Spin(7)
48L (c2
1
− 2c2 − 61L2)
+96S(50L2 − 28LS + 5S2)
120L (−c2
1
+ 2c2 + 46L2)
−180S(50L2 − 28LS + 5S2) 240L (−c
2
1
+ 2c2 +L2)
Spin(8)
F4
48L (c2
1
− 2c2 − 61L2)
+192S(27L2 − 16LS + 3S2)
120L (−c2
1
+ 2c2 + 46L2)
−360S(27L2 − 16LS + 3S2) 240L (−c
2
1
+ 2c2 +L2)
SU(5) 48L (c21 − 2c2 − 61L2)
+120S(50L2 − 35LS + 8S2)
120L (−c2
1
+ 2c2 + 46L2)
−225S(50L2 − 35LS + 8S2) 240L (−c
2
1
+ 2c2 +L2)
Spin(10) 48L (c21 − 2c2 − 61L2)
+96S(63L2 − 44LS + 10S2)
120L (−c2
1
+ 2c2 + 46L2)
−180S(63L2 − 44LS + 10S2) 240L (−c
2
1
+ 2c2 +L2)
SU(6) 48L (c21 − 2c2 − 61L2)
+24S(298L2 − 251LS + 70S2)
120L (−c2
1
+ 2c2 + 46L2)
−45S(298L2 − 251LS + 70S2) 240L (−c
2
1
+ 2c2 +L2)
SU(7) 48L (c21 − 2c2 − 61L2)
+48S(174L2 − 171LS + 56S2)
120L (−c2
1
+ 2c2 + 46L2)
−90S(174L2 − 171LS + 56S2) 240L (−c
2
1
+ 2c2 +L2)
E6
48L (c2
1
− 2c2 − 61L2)
+72S(86L2 − 61LS + 14S2)
120L (−c2
1
+ 2c2 + 46L2)
−135S(86L2 − 61LS + 14S2) 240L (−c
2
1
+ 2c2 +L2)
E7
48L (c2
1
− 2c2 − 61L2)
+48S(135L2 − 100LS + 24S2)
120L (−c2
1
+ 2c2 + 46L2)
−90S(135L2 − 100LS + 24S2) 240L (−c
2
1
+ 2c2 +L2)
E8
48L (c2
1
− 2c2 − 61L2)
+960S(8L2 − 7LS + 2S2)
120L (−c2
1
+ 2c2 + 46L2)
−1800S(8L2 − 7LS + 2S2) 240L (−c
2
1
+ 2c2 +L2)
Table 9: Characteristic invariants: the anomaly invariant X8, the signature σ, and the index
of the Aˆ-genus. The divisor S is the one supporting the reducible Kodaira fiber corresponding
to the type of the Lie algebra g. To ease the notation, we abuse notation and omit the degree
∫ in the entries of the table. By definition, L = c1(L ) and ci denotes the ith Chern class of
the base of the fibration.
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A Comments on the literature
In the present paper, we compute the Chern numbers, Pontryagin numbers, elliptic genera, L-
genus, Todd-genus, and X8(Y ) for an elliptic fibration corresponding to a crepant resolution
of a Weierstrass model. We call S the divisor supporting the reduced Kodaira fiber. We give
the full contribution from the singularity supported on S. The smooth Weierstrass case is
retrieved by taking S = 0. We prove in Theorem 1.8 that the Chern numbers of a fourfold
are K-equivalence invariant, and in particular, they are independent on a choice of a crepant
resolution. It is important to remember that this is not always the case as shown by Goresky
and MacPherson (see Example 1.3). We also compute the pushforward of the Pontriagyn
class p1 and of c2(TY ) for an elliptic n-fold and show that ϕ∗c2(TY ) and ϕ∗p1(TY ) are
independent of the choice of a Kodaira fiber and independent of S). In contrast, the Chern
number ∫Y c2(TY )2 and the Pontryagin number ∫Y p21(TY ) do depend on S. We point out
that the Chern number ∫Y c1(TY )2c2(TY ), the Aˆ-genus and the Todd-genus are independent
of S and gives the same value as a smooth Weierstrass model with the same fundamental
line bundle L . We consider the cases of G = SU(n) for (n = 2,3,4,5,6,7), USp(4), Spin(7),
Spin(8), Spin(10), G2, F4, E6, E7, or E8.
We would like to comment on [44], which has some overlaps with the present paper and
previous ones [3, 4, 15]. Most of the mathematics of [44] is summarized in appendix A.2
(see also [44, Equations (5.17) and (5.18)]). In [44], the authors compute X8(Y ) and the
first Pontryagin class p1 for a smooth fourfold that is a Weierstrass model ϕ ∶ Y0 → B with
fundamental line bundle L and for G-models with G= SU(n), n = 2,3,4,5,6,7, D5, E6, E7,
and E8. They also compute the leading terms in L of the Chern numbers of Y (see [44,
Equation (A.26)]). Our computation of X8(Y ) results matches those of [44, Equations (5.17)
and (5.18)]) for the groups considered.
The general formula for the pushforward of p1 is Theorem 2.1:
∫
Y
p1(TY ) ⋅ ϕ∗β = ∫
B
(c1 −L)2β − 24∫
B
L ⋅ β β ∈ A∗(B).
Theorem 2.2 and the fourth column of Table 9 give the exact pushforward of X8(Y ) for
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G-models. This answers a question raised by David Morrison (see [44, Footnote 10]) for all
the groups discussed in this paper.
We note that the proofs of [44] rely on two key relations [44, Equation (A.24) and (A.29)]:
(⋆) ϕ∗c(Y ) = 12L(1 +⋯)c(Y ), (⋆⋆) ϕ∗Td(Y ) = (1 − eL)Td(B),
where “⋯” stands for terms at least linear in S or at least quadratic in L = c1(L ). We would
like to comment on the validity of these two equations. 1 The relation (⋆) is true for a smooth
Weierstrass model, as proven in [3, 4] in the following closed form, which is presented here
in equation (5.1):
ϕ∗c(Y ) = 12L
1 +L
c(B),
where c(X) = c(TX) ∩ [X]. In [44], the authors argue that (⋆) is also valid for G-models if
“⋯” takes into account terms at least linear in S. If the relation (⋆) was true, it implies that
by taking the degree, the Euler characteristic takes the form
(⋆′) χ(Y ) = 12∫
B
L(1 +⋯)c(B),
which is not the case as seen in Theorem 6.1 of [19] and numerous counter examples listed
on Table 7 of [19]. Already for the case of an SU(2)-model, we get for a fourfold:
χ(Y ) = 12∫
Y
L(c2 − 36L2 − 6Lc1) − 6∫
Y
S(L(54L − 5c1) + 6S(c1 − 15L) + S2), (A.1)
where S is the divisor over which the generic fiber is of type I2 or III. The obstruction is
explicitly the contribution from the singularities and is supported on S. We also note that
(⋆′) implies that an elliptic fibration has an Euler characteristic that is a multiple of 12.
However, as seen in Klemm-Lian-Roan-Yau, this is not the case even in the special case of
elliptically fibered Calabi-Yaus defined in weighted projective spaces [39]. The formula (5.2)
and (5.3) in this paper are also counter-examples to (⋆).
1 The proof of Equation (⋆⋆) is incomplete and the equation has a sign typo. For example, an infinite
number of terms in the right hand side of the Hirzebruch–Riemann–Roch are put to zero without any
justification. There are also additional holes. A complete proof of the correct statement
ϕ∗Td(Y) = (1 − e
−L)c(B),
is available in [15, Appendix A].
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